A model with phase change for material convection in a saturated porous medium with a frozen region is formulated as a Darcy-Stefan problem. We propose a new generalized formulation for this Stefan-type problem with convection governed by Darcy's law. This approach, which is valid for irregular geometries with irregular subregions, has the advantage of not requiring the smoothness of the temperature, that restricted previous mathematical works to two-dimensional particular cases. We show existence of generalized solutions, passing to the limit in suitable approximated problems, which in principle can be solved numerically by the finite element method.
Introduction
In many problems in geodynamics and soil engineering the water-ice phase change plays an important role on natural convection in regions occupied by saturated porous media. The presence and evolution of the corresponding interface, as shown by experimental observations and theoretical analysis, have significant influence in the heat transfer and, consequently, also in the fluid motions. Because of the technical importance of this phenomenon, several models have been considered for concrete problems like in the construction of pipelines in permafrost regions, e.g. Goldstein and Reid [12] , liquified gas or road construction and maintenance, e.g. , and so on. More recently the melting of ice with natural convection in a porous medium has been considered in particular cases, e.g. Beckermann and Viskanta [4] , Kazmierczak and Poulikakos [13] or Zhang et al. [24] . An interesting aspect of the natural convection with phase change in porous media is the analysis of patterned ground formation, e.g. George et al. [11] . Applying a linear instability analysis to a model of this geophysical phenomenon forming regular patterns, McKay [15] has analysed the effect of variable thermal parameters on fluid motions in the melted region.
Although phase change problems in porous media have specific features, they can be considered, at least from a theoretical point of view, as belonging to the large class of Stefan problems, since they are mathematically similar to the solidification of a metal piece or a semiconductor crystal, for which there exists an extensive literature (see e.g. Rubinstein [21] , Meirmanov [16] or Rodrigues [18] and their bibliographies). When convection in the liquid phase is governed by Stokes or generalized Navier-Stokes equations, the corresponding mathematical analysis for evolutionary or steady-state cases has been considered in particular by DiBenedetto and O'Leary [10] or Rodrigues and Urbano [20] , respectively (see also their bibliographies). Previous numerical computations based in the finite element modeling of a two-phase Rayleigh-Bénard problem can be found in Chang and Brown [6] .
For a problem in ground freezing, the mathematical analysis of the model considered in Goldstein and Reid [12] was developed by DiBenedetto and Elliott [8] and by DiBenedetto and Friedman [9] . Their approach is restricted to the stationary two dimensional cases only, since it depends in a crucial manner on a regularity result for the temperature field, which is required to be continuous in order to give a sense to the flow region. In order to overcome this difficulty, Rodrigues [19] has proposed a new suitable generalized formulation for the case when there is no flow across the interface, which yields an interesting well posed mathematical problem, and proved a general existence theorem and, for small Péclet numbers, also a uniqueness result for the time-independent problem.
In this work we extend the new mathematical formulation for the evolutionary convection-conduction problem arising in freezing and thawing of saturated porous media. It consists of a two-phase Stefan problem with convection only in the liquid zone. The velocity field in the unfrozen domain is related to the hydraulic potential, or to the pressure, by Darcy's law with a buoyancy force that may depend on the temperature in a general form. For each instant, this yields a Neumann problem only in the liquid region, which is extended to the whole domain for mathematical convenience. Due to the solenoidal property of the velocity field, this extension is shown to be the natural one for the Neumann boundary condition across the free boundary, as it can be reobtained in the case of regular solutions from the generalized formulation, as shown in the next section.
Using a suitable regularization procedure, we give in Sect. 3 quite general assumptions under which a priori estimates for the so obtained approximated problem garantee the existence of a generalized solution. Letting the approximating parameter go to zero we construct a subsequence of approximating solutions of the initial phase change problem with convection. This suggests in particular a numerical algorithm for computing actual solutions, which can be done by the finite element method, as for instance in the work of Barret and Elliott [2] .
Although we do not consider here the numerical computation of the solution, the preliminary analysis of our Sect. 4, in particular the a priori estimates for the continuum approximated problem, can also be extended to the discrete problem of the standard Galerkin finite element approximation. It is perhaps worthwhile noting that our generalized approach is well adapted to the methodology of finite element simulations currently used in science and engineering (see e.g. Carey [5] ) and allow the application of contemporary methods of optimal control of distributed systems (see e.g. Neittaanmäki and Tiba [17] and its bibliography).
The mathematical formulation
We assume the porous medium occupies a bounded regular domain Ω ⊂ R N , (N = 2, 3), which is separated in two sets S and L , corresponding respectively to the frozen and melted regions, which are divided by an unknown surface, the free boundary Φ.
According to the continuum approach to porous media (see, for instance, Bear [3]), we consider the equation of the energy ∂e ∂t
where we assume a normalized constant density ρ ≡ 1 and denote by q the energy flux, r the energy source, e the internal energy and v the velocity field. The classical Fourier law is taken as constitutive relation between the temperature field and the heat flux and it reads
where k denotes the thermal conductivity. One of the assumptions in the classical Stefan problem is that the change of phase occurs through Φ at a fixed temperature T Φ and introducing the usual Kirchhoff transformation, we define the normalized temperature by
and relation (1) becomes simply q = −∇θ. We can then write, respectively, for the frozen and unfrozen zones, S = {(x , t) ∈ Q : θ(x , t) < 0} , L = {(x , t) ∈ Q : θ(x , t) > 0}
